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Abstract— In order to derive the mathematical descrip-
tion of interference and useful power in the case of in-
sufficient guard length of an OFDM system, the channel
impulse response is truncated in mathematical analysis
into two parts, the so-called two truncated channels. The
first one describes the behaviour inside the guard inter-
val, the other outside. Assuming the channel to be wide-
sense stationary with uncorrelated scattering (WSSUS),
the linear characteristic of Fourier transformation allows
to obtain the mathematical expressions of intercarrier in-
terference (ICI) power Pici, intersymbol interference (ISI)
power Pigr and useful power Py in dependence of the cor-
relation functions and the multi-path channel profiles of
two truncated channels exactly. In this paper, we consider
only the case of the time-invariant channel. The simula-
tion results show a good agreement with the theoretical
results.
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I. INTRODUCTION

Orthogonal Frequency Division Multiplexing (OFDM)
is a multi carrier modulation technique, which is well
known as the method to prevent the Inter Symbol Inter-
ference (ISI) perfectly, when the guard interval is longer
than the maximal propagation delay. However, when the
receiver moves from one transmission environment to an-
other , e.g. indoor to outdoor like in HIPERLAN/2, the
guard length condition may be no longer met.

In the mobile transmission environment, the Channel
Transfer Function (CTF) of the mobile channel is gener-
ally time- and frequency-selective. The time-selectivity
caused by the movement of the receiver affects the or-
thogonality of the carriers and therefore introduces ICI
at the receiver. The ICI caused by the time-varying
channel (ICI-CTC) decreases the performance of the sys-
tem, and increases proportionally to the product of the
Doppler spread and the OFDM symbol duration (fq7s).

In literature, Russel and Stiiber [3] obtained exact
expressions of ICI-CTC power resulting from Doppler
spread for an OFDM system in the case of sufficient
guard length. However, in their study, they did not ana-
lyse the case of insufficient guard length.

The ICI is also introduced even in the case of time-
invariant channel if the maximum delay spread of the
channel exceeds the guard interval length. We named
this ICT term ICI-CIG (ICT caused by insufficient guard
length). In order to derive the mathematical description
of different interference contributions as well as useful

contribution, a novel method for the analysis of inter-
ference contributions is proposed. This method trun-
cates the channel impulse response h(7,t) in mathemat-
ical analysis into two parts, the so-called two truncated
channels: hq(7,t) and ha(7,t). In our study, we derived
that hq(7,t) causes no ISI but a part of the total ICI-
CTC and ha(7,t) causes the ISI, a part of the total ICI-
CTC and also the ICI-CIG. Throughout this paper, when
the ICI is mentioned, this means both the ICI-CTC and
the ICI-CIG.

Pis1 contributed by hao(7,t) depends mainly on the
tail outside the guard interval of the multi path chan-
nel profile p(7, At). Picr consists of two contributions:
Pic1 = Pici—crc + Pici—cia, where Picr—crc caused by
the time variation of the channel depends on the time
correlation function of the channel, whereas Pic1_ciq,
similar to Pisr, is dependent on the tail outside the guard
interval of the multi-path channel profile.

For brevity, our research is divided in two parts. Part I
describes the analysis results for the time-invariant chan-
nel and is published in this paper. Part II describes the
analysis results for the time-varying channel and is in
preparation. The organisation of this paper is as fol-
lows: Section II gives the system description, section ITI
focuses on the analysis of ICI and useful signal. The
analysis of ISI in case of time-invariant channel is stud-
ied in section IV. Section V presents numerical results.
Finally, section VI presents some concluding remarks.

II. SYSTEM DESCRIPTION

Throughout this paper, carrier and timing synchro-
nization are assumed to be perfect, all analyses are con-
sidered in baseband. Although the realisation of OFDM
systems is based on discrete samples, the analysis is here
in continuous form. We consider an input data symbol
sequence (dg i, d1 iy, dniy---dNe—1,;) with the OFDM
symbol index 7 and the sub-carrier index n. N¢ is the
number of sub-carriers. The transmitted OFDM sym-
bol can be generated by using a Nppp-point IFFT. The
guard interval is a cyclic extension of the IFFT output,
so that the i-th transmitted OFDM symbol with guard
interval is
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—Te+iTg <t <iTg+Ts, —oo0o<i<oo (1)
where T, Tg and T = T + Ts are the guard interval
duration, the OFDM symbol duration without and with
guard interval, respectively. ¢(t) is the basic impulse of
all sub-carriers, given as follows:

g(t) =

{k : for —Tg <t<Tg (2)

0 : otherwise

where k is simply a constant factor, and throughout this
paper it is assumed to be 1 without loosing generality. If
there is no additive noise during the transmission, the re-
ceived signal after traveling through the multi-path fad-
ing channel is given by

y(t) = z(t) « h(7, 1) (3)

where the symbol '’ represents the convolution of the
—+o0
> x;(t) with the time-
1=—00
varying channel impulse response h(7,t) with respect to
7. After a further analysis of the received signal in Eq.
(3), taking into account the sole transmitted signal of
the i-th OFDM symbol, we obtain the received signal as

follows:

transmitted signal z(t) =

Ne—1

1 Tmas _
Ts Z dn’i/o h(r,t)g(t — 1 —iTY)

n=0

vi(t) =

j27rn(t—7-—iTé)
xe Ts dr (4)

Now if we truncate h(7,t) in mathematical analysis as
shown in Fig. 1 into two channels hq(7,t) and ha(7,1t),
the expression of y;(t) in Eq. (4) yields

Yi(t) = i (t) x ha(7, 1) + i () * ha(7, 1), (5)

Yiq (t) Yiq (1)

where hi(7,t) and ho(7,t) are depicted in Fig.1.b and
Fig.1.c, respectively. Figure 1.d, 1.e and 1.f illustrate the
transmitted signal, the received signal caused by the first
truncated channel and the second truncated channel, re-
spectively. In Eq. (5), the contribution of the received
signal y;, (t) causes no ISI because the duration of hi (7, )
is not longer than the guard interval. On the contrary,
the energy of ha(7,t) situated outside guard interval, in-
fluences the following symbol, thus y;, (¢) contributes to
the intersymbol interference in the following symbol cor-
responding to area IV in Fig. 1.f. Moreover , the FFT
of y;,(t) belonging to area I and II yields two different
terms: The first term is the wanted symbol distorted by
the multiplicative distortion derived from Hs(f,t) and
ha(7,t) (see later in subsection III-B), second term is
distortion and corrupts the wanted data symbol on sub-
carriers in the current OFDM symbol. Therefore, the

second term is regarded as the ICI-CIG, which is un-
derstood as the distortion caused by the adjacent sub-
carriers to the observed sub-carrier. In the next section
we concentrate on the analysis of ISI and ICI as well
as on the useful signal contributions at the output of
the OFDM demodulator for different cases of the guard
length condition.
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Fig. 1. The received OFDM signal disturbed by insufficient guard
interval (illustrated for i=0)

III. ANALYSIS OF USEFUL SYMBOL AND ICI
CONTRIBUTIONS

Let us now study the demodulated symbol cil,i at the
sub-carrier frequency [ fs during the i-th OFDM symbol
period, where fs; = TLS is the sub-carrier spacing. Af-
ter removing the guard interval, the [-th output of the
OFDM demodulator in analog form is the Fourier trans-
+Z yi(t) applied

1=—00

formation of the received signal y(t)

in the integration interval ¢t € [iT¢,iT¢ + T’s).

iTs+Ts
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dt (6)

Equation (6) describes the different kinds of contribu-
tions to the demodulated symbol cil,i, where the first
term consists of the useful symbol including ICI, the sec-
ond term is obviously the ISI. After substituting y;(t)
and y;/(t) from Eq. (4) in (6), the demodulated symbol
becomes
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The contributions in cil,i depend on different cases of
guard length condition (sufficient length or insufficient
length) and channel model (time-invariant or time-

variant). In general case, cil i can be decomposed as
d“ _ d +dICI CIG JrCg(_zl—CTC er?il (8)
where d?z, dICI CIG dICI CTC and are the useful
symbol, the ICI contrlbutlon caused by the insufficient
guard length, the ICI contribution caused by the time
variations of the channel, and the ISI contribution, re-
spectively. The ISI analysis is separately studied in sec-
tion IV. In order to derive the mathematical descriptions
of the other contributions, the sufficient guard length and
insufficient guard length cases are considered. In this pa-
per, only the time-invariant channel (i.e. h(7,t) = h(7))
is considered. In the following, the theoretical analysis
is investigated in detail.

dTSI

A. Sufficient guard length: Tg > Tmax

In the sufficient guard length case, it is easy to see that
ha(7) is zero in Fig. 1, therefore there is no ICI-CIG and
ISI. Thus, equation (8) is shortly rewritten as:

dy

)

-+ digrere ®

Tac>Tmaz

The first term of Eq. (9) denotes the useful symbol and
can be straightforwardly written as

=diH(lfs) (10)

Tc>Tmax

5U
dp;

where H(lf,) is the sample taken at the I-th sub-carrier
frequency of the channel transfer function H(f). Since
the orthogonality between sub-carriers is fulfilled, the
second term of Eq. (9) is zero: d%c.lchC = 0. There-
fore, the demodulated symbol is also the useful symbol.
In this case, the transmitted symbol is completely re-
covered by multiplying the demodulated symbol by the
channel coefficient H~1(If), if the channel is perfectly
known at the receiver.

B. Insufficient guard length: Ta < Tmaz

In this case, while calculating the demodulated symbol
dl,i, ISI and ICI-CIG according to areas IV, I and II in
Fig. 1.f must be taken into account. According to Fig.
1.b and 1.c, the integration with respect to the variable
7 in Eq. (7) is divided in two periods. The first period
is within 0 < 7 < T¢ and the second period is within
Te < T < Tmaz, Where the first truncated channel hq(7)
and the second truncated channel ho(7) are located, re-
spectively. Then, Eq.(7) is rewritten as

ZTSJrTs Ne Ta
di=n | {zdm/ (F)g(t — 7 — iT)
t= zT’ =0
iTs+Ts
—j2nnT j27\'(’n*l)(t7iT ) 1
xe Ts d T dt + —
€ S T}e s +TS /
t=iT}
et i —j2nnT
{Z dni / ho(T)g(t — T — iTg)e” Ts dr}
n=0 T:TG
xe dt + djf) (11)

In the first term of Eq. (11), it can be verified that
g(t — 7 —4T¢) = 1 for all t and 7 in the integration
bounds. Thus, the integration result with respect to 7 is
obviously the CTF of the first truncated channel Hy (n fs)
on n-th sub-carrier. To analyse the second term of Eq.
(11), we separate the integration with respect to ¢ into
two intervals. The first integration interval is i7¢ <t <
1T + Tmaz — T, which corresponds to area I in Fig. 1.f.
The second integration interval is iTé + Tmaz —Ta <t <
iT§ + T, which corresponds to the area II in Fig. 1.f.
In the second integration interval, it is straightforward
to confirm, that g(t — 7 —iT§) = 1 for V7 € (Tq, Tmax)-
Therefore, equation (11) can be represented as

’LTS +Ts
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In the time-invariant channel, the additive ICI-CTC is
completely removed, thus the demodulated symbol from
Eq. (8) can be rewritten as

The CZIUZ can be picked out from the first three terms of
Eq. (12) by setting n = . Furthermore, we change the
integration bounds with respect to ¢ to omit the index 1.
The result is

Tmaz—1G Tmaz

JEidl,i{Hl(lfSHTis / / ha(T)

t=0 T=Tq

xg(t—1)e Ts T drdt

Ts +Ta — Tmaz
+%Hz(lfs)} (14)
S

To simplify the expression of dV., we denote:

1,10

_ TS +TG — Tmax

= (15)

and

t=0 =Ta

7 is simply a constant factor, which depends on the sub-
carrier index [. In a further analysis of 7;, the integration
with respect to 7 in Eq. (16) is separated in two intervals.
The first interval is t + Tg < 7 < Timaz, Where it is
easy to verify, that g(t — 7) = 0. The second interval is
Te <7 <t+Tg, where g(t — 7) = 1. This yields

Tmaz—1G t+TG
m= 7

T / {/hg(T)ej%lf”dT}dt (17)

t=0 =T¢g

Observing the Eq. (17), we see that n; can be derived
from ha(7), TG, Tmaz and Ts. Moreover, when 7,4, —
T < Tg then n; is relatively small. With the definitions
of a and 7, the useful symbol becomes:

iy, - dl,i{Hl(zfg+aH2<zfs>+m} (18)

The autocorrelation of dﬁJ is used to calculate the useful
power Py. While derlvmg the expression of the use-
ful power, we employ the characteristics of the WSSUS
channel model, which has the multi-path profile or the
delay power spectrum of the channel defined in [2] as
follows

E{h* (11, t)h(72,t + At)} = p(11, At)6(11 — 72)  (19)
Noting that the channel is time-invariant, therefore the
multi-path profile of the channel is replaced by:

E{h*(11)h(m2)} = p(11)0(T1 — T2) (20)

The final result of the useful power calculation is given
as follows:

T Tmaz

PUEs{/p(T)dT+Oz2 / p(T)dT

T=0 T:TG
Tmaz—1G t+Ta

+ / / p(T)drdt
=0 T=Tg
Tmaw—TG Tmaw—Tc min{t+Tg,t'+Ta}
+— / / p('r)det’dt}
=0 #=0 =Tg
(21)

The expression of dICI CIG can be picked out from the
first three terms of Eq (12) by setting n # I. Since the
channel is assumed as time-invariant, the first term of
Eq. (12), for n # [, vanishes. In addition, the integration
bounds with respect to ¢ are changed in order to omit
the presence of the index ¢ in the integration bounds.
Finally, the second term and the third term express the

d}?iCIG and become
1 Nc—1 Tmaz—1G Tmazx
JICI-CIG
dy; = T > dn,i{ / [/hz(f)
n=0,n#l t=0  r=Tc
—j2mnT j2m(n—1)t
xg(t—T1)e Ts dr}e Tsdt
Ts

+ / Hg(nfs)e%dt} (22)

t=Tmaz—TG

As discussed earlier in section II, the ICI-CIG consists
of two parts. One part results from the FFT of y;,(t)
in area I in fig. 1.f and is the first term of Eq. (22)
(see the integration interval with respect to t), the other
part results from the FFT of y;,(¢) in area IT in Fig. 1.f
and is the second term of Eq. (22). In the first term of
Eq. (22), we change the integration bounds with respect
to 7 as explained in Eq. (17) to have g(t —7) = 0 for



t4+ T <7 < Tmaz and g(t—7) =1 for T < 7 < t+7T¢.
We get the result:

1 Ne—1 Tmaz—1G
d}SI—CIG _ Z dn,i{
Ts \Loms
n=0,n# t=0
t+Tq
—j2nnTt  j2m(n—UDt
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=Tqg
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i

t=Tmaz—TG

j2m(n—U)t
Ho(nf,)e' 75 dt} (23)

The autocorrelation of J}?I_CIG is used to calculate the
ICI-CIG power. The final result is given as follows:
Tmaz—Tc t+Tc

p(T)dr

t=0 T=Tqg

Es
Pici-cic = F(Tmaz —Tc)
5

Tmaw—TG Tmaz—Tg min{t+Tg,t'+Tc}
Eg

- p(T)drdtdt
TS
t'=0 t=0 T=Tqg
Tmaz—1G  Tmaaz
E
+T_§ (TG — Tmaz + TS) / p(T)det
o t=0 T=t+Ta
(24)

If 7yhee — T < T, then the first and the second terms of
Eq. (24) are negligible. Pici—cig is well approximated
as follows:

Tmaz—1G  Tmaaz

Es

T p(T)drdt (25)

Por—cic ~
t=0 T=t+Tq

The equation (24) states that the ICI-CIG power de-
pends on the tail outside the guard interval of the multi-
path-channel profile. If T, — T is relatively small in
comparison with the OFDM symbol duration, then the
ICI-CIG power is approximately equal to the ISI power,
which is obtained later in Eq. (29).

IV. ANALYSIS OF ISI

The effect of intersymbol interference is that the cur-
rent symbol CZM' is influenced by a number of previous
and following symbols in the same sub-carrier. ISI only
occurs, if the guard length is insufficient. In this case,
the second term of Eq. (7) is rewritten as:

ZTé +Ts Tmax

1 —+00 Nc—1
LD VN IR Dot
n=0 -

i’ =—00,i'#i t=iT} 20
_j2mnr j27r[n(t—i/Té)—l(t—iTé,)]
t—1—iTe)e” Ts dr e Ts dt
g S

(26)

The channel is assumed to be causal and non-zero solely
in the time interval 7 € [0, Ts], i.e. the channel impulse
response is not longer than an OFDM symbol duration.
In addition, the basic impulse is time-limited as in Eq.
(2). This leads to the conclusion that only the previous
OFDM symbol is involved in the current OFDM symbol.
Therefore, in Eq. (26) only the time index i =i — 1 is
taken into account. Furthermore, we change the bounds
of the integrations so that the basic impulse g(t — 7 —
iT¢+Tg) =1, for all 7 and ¢ in the integration intervals.
We get:

T4+ Tmaz—Ta No—1 Tmaz

- 1
IST
dy; = Ts > dni ha(T)
t=iT!, n=0 T=Tg+t—iT}
_j2mnr j2m[(n—D)(t—iT{)+nT]
e Ts dre Ts dt (27)

The mean square value of d?sil expresses the ISI power.

After some manipulations, we obtain

T+ Tmaz—TG T+ Tmaz—Ta

Nec—1
. Eg
Prsi(1,14) T2
§ n=0 t=iT", t/=iT
=tls =tlg
Tmazx
p(r,t —t)dr
r=max{Tg+t—iT}, Tg+t/—iT,}
j2r(n—0)(t—t') ,
X e Ts dtdt (28)

The time index ¢ in Eq. (28) can be omitted by changing
the integration bounds with respect to ¢t and ¢'. Addi-
tionally, we exchange summation and integration. Tak-
ing the orthogonality of the summation referring to the
index n into account and assuming No = Nppp, the ISI
power becomes

Tmaz—1G Tmaz
Es
Prgr =
Ts

t=0 T=t+Tq

p(T)drdt (29)

If No < Nppr, then Pig; must be multiplied with a fac-
tor K = N¢/Nppr. From Eq. (29) we conclude that the
ISI power depends on the tail outside the guard interval
of the multi-path channel profile, the system parameters
Ta, Ts and the symbol energy Es. Interestingly, for the
WSSUS channel, it is independent of the sub-carrier in-
dex | and the time index 1.

V. NUMERICAL RESULTS

Basically, the OFDM parameters of the considered sys-
tem were taken from HIPERLAN/2 specified in [4]. The
indoor channel model A where the average power declines
exponentially as described in [1] was taken into consid-
eration. However the sampling duration of the system



(to, = 1/B = 50ns) does not match to the minimum tap
delay (10 ns). Therefore, based on the existing coeffi-
cients of this channel, all the coefficients of our channel
model which do not coincide with HIPERLAN/2 coeffi-
cients, are interpolated.

Due to the fact that two data symbols (d;;,d;;—1) of
two adjacent OFDM symbols are statistically indepen-
dent, CZ}CZ-I_CIG and d}sil are also statistically indepen-
dent. Therefore the total interference power is the sum
of ICI-CIG and ISI powers:

P = Pici—cic + Pist (30)

where Picr—cic and Pigr are computed from Eqs. (24)
and (29), respectively. There is of course no contribution
of Pici_cTc because the channel is time-invariant. The
simulation result of the interference power P/ is the mean
square value of the difference

dj; = dy; — dp; (31)

where JIUZ is computed from Eq. (15) under the assump-
tion that the channel coefficients are known. The simu-
lation result of the interference power P/ is obtained by
evaluating the estimation

P =E{(d};)"d] ;} (32)

In order to simulate the static channel with uncorrelated
scattering, we carried out numerous experiments, in each
experiment the channel coefficient for the k-th path is
given as follows

hz = ar + ]bk (33)

where a; and b, are two realization coeflicients of two
zero-mean statistically independent gaussian random
variables with variances being h7/2 (this is also py/2).
hi is the real channel coefficient of path k£ taken from
[1] and hj is our complex channel model coefficient
of the s-th experiment. It can be easily proved that
E{(h{)*h;} = pr and E{(h;)*hi} = 0 for k # I, if the
number of experiments is large enough.

As shown in Fig. 2, comparing the simulation results
obtained by one experiment with the theoretical result,
we see that the simulation result fluctuates around the
calculation result. However, with 100 experiments for
instance, the simulation result agrees very well with the
calculation result. It is interesting to compare quantita-
tively the ISI power with the ICI-CIG power in (24) as
depicted in Fig. 3. In this case, T4 — T is relatively
small in comparison with the OFDM symbol duration
Tg, thus the ICI-CIG power is approximately equal to
the ISI power.

VI. CONCLUSIONS

By truncating the channel impulse response into two
parts, one being inside the guard interval, the other out-
side, we have derived mathematical expressions of ICI
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and ISI in case of time-invariant channels. Agreement
between the numerical simulations and the theoretical
calculations demonstrates the validity of our method.
The analysis results obtained for the time-varying chan-
nel is in preparation for further publication.
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