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Abstract—This paper considers the wireless non-line-of-sight
(NLoS) geolocation in mixed LoS/NLoS environments by using
the information of time-of-arrival. We derive the Cramér–Rao
bound (CRB) for a deterministic shadowing, the asymptotic CRB
(ACRB) based on the statistical average of a random shadowing,
a generalization of the modified CRB (MCRB) called a simplified
Bayesian CRB (SBCRB), and the Bayesian CRB (BCRB) when the
a priori knowledge of the shadowing probability density function
is available. In the deterministic case, numerical examples show
that for the effective bandwidth in the order of kHz, the CRB
almost does not change with the additional length of the NLoS
path except for a small interval of the length, in which the CRB
changes dramatically. For the effective bandwidth in the order
of MHz, the CRB decreases monotonously with the additional
length of the NLoS path and finally converges to a constant as
the additional length of the NLoS path approaches the infinity.
In the random shadowing scenario, the shadowing exponent is
modeled by � , where is a Gaussian random variable with
zero mean and unit variance and is another Gaussian random
variable with mean and standard deviation . When
is large, the ACRB considerably increases with , whereas the
SBCRB gradually decreases with . In addition, the SBCRB can
well approximate the BCRB.

Index Terms—Non-line-of-sight propagation, parameter estima-
tion, shadowing effect.

I. INTRODUCTION

W IRELESS geolocation commercially emerges from the
incentives of locating vehicle, people and parcels (see,

e.g., [1]–[3]). Promising applications encompass accident re-
porting, navigational services, automated billing, fraud detec-
tion, roadside assistance, and cargo tracking. For wireless car-
riers and vendors, the knowledge of a user position leads to
more charge precision and service plans. In cellular systems, the
problem of finding the position of mobile stations (MSs) can be
accomplished using the measurements of a mobile signal at mul-
tiple base stations (BSs) [4]. Invoking the information of time of
arrival (ToA) can provide an accurate estimate for the distance
between the transmitter and the receiver. The line-of-sight (LoS)
distances between a mobile and at least three participating BSs
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are observed to locate the mobile terminal in a two dimensional
space.

In [5], the analysis of non-line-of-sight (NLoS) geolocation is
unified where no NLoS mitigation is accounted for and the addi-
tional NLoS path length is assumed to be unknown. It is shown
that the Cramér–Rao bound (CRB) is independent of the NLoS
when the shadowing is unknown. For the environment where
some or all measuring distances are subject to the LoS, a residual
test is presented to determine the number of LOS measurements
and the position is estimated from the determined LoS measure-
ment [6]. Contrary to the LoS restriction, the NLoS paths in a
direction-based system are exploited to improve the positioning
accuracy [7]. When the a priori knowledge of an NLoS-induced
error is available, the best geolocation accuracy is derived in
term of a generalized CRB [5], which is actually the Bayesian
CRB (BCRB) in the classical terminology [8]. Furthermore, the
ToA performance is analyzed therein without taking path at-
tenuation into account, which significantly affects the received
power [9]. From these previous results, a further investigation
on the localization problem for other scenarios is necessary.

In this paper, we address the inherent accuracy limitation for
the problem of estimating a mobile position based on multi-
lateral ToA measurements in the presence of shadow fading.
This problem is deemed important, because it more realistically
reflects the system model in the wireless geolocation problem
based on the ToA information. The path amplitude is modeled
by a lognormal-distributed shadowing, which heuristically can
be characterized by a multiplicative process [10]. In the path
loss model, we assume that the environment is located in a sub-
urban area where the propagations between the MS and BSs
do not switch rapidly from the LoS to the NLoS or vice versa.
We derive the CRB in the continuous time for the case of de-
terministic shadowing, and the asymptotic CRB (ACRB) in a
statistical average sense, a generalization of the modified CRB
(MCRB) introduced in [11] and called herein the simplified
BCRB (SBCRB), and the BCRB for the random shadowing
case.

The research gap among this work and the previous works
is that most former works consider the path gain in the wire-
less NLoS geolocation as an unstructured quantity, but in this
work, more features of a wireless channel are considered. Pre-
cisely, the path gain is decomposed into two large-scale fadings.
The first large-scale fading captures a path loss model, while the
second large-scale fading represents the shadowing. We assume
that the large-scale fading can be considered as a spatial average
over the small-scale fluctuations of the signals [12, p. 847].

The contribution of this paper can be described twofold. First,
we present a framework for the geolocation problem taking both

1053-587X/$26.00 © 2009 IEEE
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the path loss and the shadowing into account. Second, we pro-
vide the performance bounds for the geolocation problem of
two scenarios depending on whether the shadowing is fixed or
random. For the random shadowing case, the bound is averaged
over all the realizations of the shadowing. In addition, when the
distribution of the shadowing is known a priori, we provide a
pseudo performance bound, which is computationally inexpen-
sive and can well approximate the exact and complicated one.

The rest of this paper is organized as follows. In Section II, the
transceiver model of the wireless NLoS geolocation is reviewed.
In Section III, we derive a closed form of the CRB when the
shadow fading is assumed deterministic. In Section IV, the case
of the random shadow fading is discussed as well as the ACRB,
the SBCRB and the BCRB are presented. In Section V, numer-
ical examples are provided to illustrate the effects of the shadow
fading on the performance bound of the range estimation in the
wireless NLoS geolocation. In Section VI, the conclusions are
drawn.

In the sequel, denotes the transpose of a matrix.
is the Euclidean norm. The notation

means that the real random variable is distributed (real)
normal with the probability density function (PDF)

. The notation
means that the complex random variable is distributed (com-
plex) normal with the PDF . The
operator stands for the (element-wise) Hadamard product.
The expectation is performed with respect to . The

inverse of a matrix is denoted by . means that
the matrix is positive semi-definite. The trace of a
square matrix is denoted by . The functional matrix
is the diagonal matrix whose diagonal vector is taken from the
vector . The column vector is of dimensions, where
each entry is one.

II. SYSTEM MODEL

Consider an MS transmitting a radio signal through a wireless
channel to a number of the BSs. Let be the number of all
BSs, whose locations, ,
are known. We assume that there is attenuation in the channel
and no additional loss of energy is taken into account in the wave
propagation. At the th BS, the received energy can be expressed
by [13]

(1)

where is the close-in reference in the far field region, is the
distance between the MS and the th BS, is the path loss expo-
nent at the th BS, is the energy of transmit
signal , is the shadow fading with the shad-
owing exponent , and the unitless constant1 depending on
antenna characteristics and average channel attenuation is given
by

(2)

1The constant � appears as a free-space path loss at the reference distance � .
In fact, the choice of � could depend on the antenna characteristics.

with the central frequency of the wireless system and the
speed of light . At 1.9 GHz and for 100 m, it
is shown in [13] that 78 dB. We as-
sume that the LoS/NLoS detection has already been performed
and consider the case that the NLoS error correction is not con-
ducted2. Let be the number of the BSs that receive a
set of NLoS signals. It is further assumed that the
number is known. The received signal amplitude, denoted by

, and the additional distance induced by
the NLoS, denoted by , are assumed to
be unknown, whereas the position of the MS, , is
the parameter of interest. Let be the time delay of the received
signal at the th BS given by

,

(3)
where , , and for

. It should be noted that in (3), only a single
NLoS path between the receiver and the transmitter is taken
into account. This assumption is justifiable for the geolocation
problem since only the first path is necessary for extracting the
position. As , the noiseless energy based on (1) can be
rewritten as

(4)

Since (1) and (4) are valid only in the far field, it is assumed that
is less than . It means that there is no BS within

the circle of the radius .
In general, the shadowing is a slow fading whose variation

period is larger than the coherence time, i.e., the period over
which the fading process is correlated. Herein, we assume that
the signal bandwidth is smaller than the coherence bandwidth so
that the channel is frequency flat. The received baseband signal
can be written as3 [5]

(5)

where is the signal waveform, and are the amplitude
and the time delay of the propagation to the th BS, and
is the additive noise at the th BS and assumed to be a com-
plex-valued white Gaussian random process with the spectral
density . In (5), the waveform of the signal is as-
sumed to be known at the receivers and this assumption is used
throughout the paper. Furthermore, we assume the perfect time
synchronization between the transmitter and the receiver so that
there is no further mismatched time delay other than the propa-
gation delay . In the next section, we assume that the position

and the nuisance parameters and are unknown and de-
terministic. So is the reparameterized time delay . To make
the model tractable, we assume that channel parameters from

2The NLoS can be mitigated using the method in e.g., [14].
3Since we assume a single path, the effects of small-scale fading are ignored,

and only shadow fading is studied. Therefore, the results presented in this paper
does not apply to the case of multipath propagation, since the distributions of
the signal amplitude will be likely different from that adopted in this paper due
to the small-scale fading. However, the method outlined in this paper can be
extended to the case of multipath propagation to obtain similar results.
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all BSs are identical, i.e., and for all . For dif-
ferent fadings at the BS receivers, the analysis can be conducted
in the same way4. Since , the parameter is given
by

(6)

Note that when there is no path attenuation and no shadow
fading ( and ), the amplitude becomes

. In a vector form, the received signal in (5)
can be written as

(7)

where , , , , and
are defined by

(8a)

(8b)

(8c)

(8d)

(8e)

Assume that the transmitted signal is nonzero over the in-
terval and also band-limited to , where is a
signal period. Afterwards, the signal is passed onto an ideal
bandpass filter in order to get rid of the noise outside of the fre-
quency band . Note that the noise variance is .
Let us define the signal-to-noise ratio (SNR) at the transmitter
as

(9)

and the effective (root-mean-square) bandwidth as [15, eq.
(9)]

(10)

where is the Fourier transform of the signal .
The received SNR5 is given by . Note
that for the NLoS BSs, the gain is a de-
creasing function of the additional NLoS path length ,

i.e., .

4For instance, we may assume that there exists shadowing only at the NLoS
BSs and the shadowing can be different among the NLoS BSs. Then, there can
be maximal� unknown shadowing coefficients, whereas the model is still iden-
tifiable if � � �� � �.

5When considering the path attenuation such as in this paper, the received
SNR is related to parameter� , which depends on several parameters including
� (which again depends on � and � ), � , � , and 	. Since the effects of these
parameters on the geolocation performance will be investigated in this paper, we
need to adjust the value of these parameters. In this case, it is inconvenient to set
the received SNR at a specific value. Therefore, in the simulations, we consider
the transmitted SNR, which is defined as the ratio between the transmitted power
and the noise power at the receiver, rather than the received SNR.

III. DETERMINISTIC SHADOWING

In this section, we assume that the observation period is equal
to the symbol period, which is less than the coherence time.
It means that in one observation period, the shadowing stays
constant. In this case, the shadow fading can be considered
deterministic. All the unknown parameters can be aggregated
into the vector as

(11)

where and are given by

(12a)

(12b)

The received signal is distributed as
. When all BSs are far apart enough from each other,

the received signals from all BSs can be assumed mutually
independent. The joint PDF of can be written
as

(13)

At the receiver, the continuous received waveform is sampled at
the Nyquist sampling period of seconds to form the
observation data

(14)
where is the number of samples. Here the interval of interest
lies in such a way that is invariant in . If ,

and are the sampled sequences, the discrete data
model can be written as

(15)

Note that the signal is nonzero only over the interval
. Then, the received signal becomes [16, p. 54]

(16)
where is the length of the sampled signal and is
the delay in samples. Define

(17a)

(17b)

(17c)

It follows that

(18)

Since the measurement noise is white, the received signals at
different time instants are independent of each other. Therefore,
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the PDF of the observation over the period ,

, is given by (19) shown at the bottom of

the page, where , which is larger than
, is the observation period, and is defined

by . The log-likelihood function is
given by

(20)

A. Cramér–Rao Bound

Let be any unbiased estimate of based on the measure-
ment of (5). Then, the accuracy of is bounded according to
the Cramér-Rao inequality

(21)

where is the Fisher information matrix
(FIM) derived from [16]

(22)

Proposition 1 (Deterministic CRB): The CRB of the mobile
position estimate, computed from the block inverse
of , is given by

(23)

where is defined by

(24)

with given by

(25)

with derived from

(26)

with given by

(27)

with derived from

(28)

and and given by

(29a)

(29b)

Proof: See the Appendix.
At the critical point of such that , we can see from (86)

that the Schur complement in (81) is also zero. It means that
the joint estimation of the shadowing amplitude and the time
delay is impossible. It follows from (83) that the estimation of
the mobile position is also infeasible. Define

(30)

From (28), it can be seen that the wireless NLoS geolocation
cannot be performed when . It is clear that the critical
value of the effective bandwidth, , is a decreasing function of
the additional length of the NLoS paths. If the MS transmits the
signal with the effective bandwidth larger than the critical value

, is positive and then the CRB will decrease with the in-
crease of the excess NLoS path length. If the transmitted signal
possesses a less effective bandwidth than the critical value ,
is negative and then the CRB decreases as the additional length
of the NLoS path increases. In general, is influenced by the
power decay exponent and the positions of the BSs.

(19)
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B. Inherent Accuracy Behavior

The CRB in (23) is explicitly shown as a deterministic func-
tion of the shadow fading . We can see that when the shadow
fading is larger, the accuracy of the mobile position estimate is
higher6. The shadow fading behaves in the same manner as the

, due to its scaling nature. When the additional path length
of the NLoS is larger, the CRB becomes lower. This is because
when , is larger, is
also larger. As a consequence, becomes smaller and thus

is smaller. For the extreme case, where , it can be
observed that . It follows that

the bound derived above converges to a value as the additional
path length of the NLoS approaches the infinity.

IV. RANDOM SHADOWING

In the wireless geolocation, the training period may consist
of several symbol periods during which the shadowing changes
randomly. Therefore, we need to investigate the case where the
shadowing parameter is a random variable. In this section, the
shadow fading is modeled by

(31)

where is a constant, and is the shadowing
exponent. The purpose of this modeling is to investigate how
the random shadowing affects the wireless NLoS geolocation.
The contribution in what follows is that the performance of the
wireless NLoS geolocation is quantified in term of the CRB vari-
ants conditioned on the knowledge of the shadowing distribu-
tion available at the BSs. Let be the CRB in Proposition
1 for the estimate of the mobile position in both axes, i.e.,

(32)

In the deterministic model, the shadowing effect on the NLOS
geolocation can be evaluated by

(33)

In general, the shadowing exponent is considered random. The
shadowing exponent can be expressed as [13]

(34)

where is the standard deviation of , and is a Gaussian
random variable with zero mean and unit standard deviation.
The standard deviation of can be further modeled as

, i.e.,

(35)

6When the accuracy is higher, it means that the CRB is smaller. This conven-
tion is used throughout the paper.

where is another Gaussian random variable with zero mean
and unit standard deviation. Assume that and are indepen-
dent of each other. The moment generating function of is given
by [17]

(36)

where is a variable independent of . Note that exists
when . When , the above integral will
diverge. Since is random, we consider its statistical mean from

. Substituting into
(36), we obtain

(37)

Note that we have , where the equality
holds for and . The ratio exists and is finite
when . When , the ratio
becomes infinite. Actually, the condition means
that the shadowing is so uncertain (with too large variance) that
no realiable estimate about the MS position can be provided. In
a realistic scenario, it is shown in [13] that takes the values
from 1.6 to 3.0.

A. Asymptotic Cramér–Rao Bound

One way to investigate the fluctuation effects is to take the
expectation of the deterministic CRB with respect to . The sta-
tistical average of the deterministic CRB with respect to the
random nuisance is referred to as the asymptotic CRB [18]. In
this subsection, the expectation of in (23) with respect to

can be given by, at first, considering .
Substituting into (36), we obtain

(38)

where is defined by

(39)

The ACRB is thus given by

(40)

In the stochastic model, the factor , which appears in the ACRB
in (40) in terms of its mean and variance, primarily represents
the large attenuation. The ACRB in (40) is the average of (23)
over all the realizations of the random shadowing. This bound
exists when . Note that when the shad-
owing disappears, the stochastic model becomes the determin-
istic model. This can be verified by substituting and

into the ACRB in (40), which yields the same result as
the CRB in (23) for . The larger the standard deviation



SIESKUL et al.: ON THE EFFECT OF SHADOW FADING ON WIRELESS GEOLOCATION 4201

and the mean , the more the attenuated power to each BS
receiver, which leads to worse geolocation performance.

B. Simplified Bayesian Cramér–Rao Bound

Here the shadowing is considered as a random and unknown
parameter with the moment generating function in (36). The per-
formance bound in what follows is rather attractive in that the
bound is easy to compute and can well approximate the sophis-
ticate BCRB presented in the next section. Therefore, we will
call this performance bound as the simplified BCRB.

From (84) in the Appendix, we have
, . Let us consider the expectation

. Substituting into (36), we obtain

(41)

Taking the expectation with respect to on both sides of (79)
based on the elements from (84) and then using the result of (41),
the expectation of the relevant FIMs with respect to is given
by (42) shown at the bottom of the page, where
is given by

(43)

Taking the block inverse of (42) (see, e.g., from (80) to (83)),
we obtain the SBCRB for the model with the unknown from

(44)

where is given by

(45)

The quantity in (45) is a (logarithmically) convex function of
on for a fixed and an increasing function of

for a fixed . It can be proved that the SBCRB is a (logarithmi-
cally) concave function of on for a fixed and a
decreasing function of for a fixed . Note that the SBCRB
exists when is larger than zero. As , this
leads to the result that the quantity is larger than 1.
Since is positive, the exponential term
is larger than 1. Then, in (45) is larger than in (28). Consid-
ering the structure of (24), we can see that the difference matrix

is given by

(46)

which is positive definite, i.e., , for and
. Considering the shadowing terms in (40) and

in (44), we can see that the expectation in (38) is larger than 1,
while the inverse of (41), appeared in the SBCRB at the second
equality of (44), is positive but less than 1. Furthermore, when

and are zeros, we have
, which means the SBCRB is equivalent to the ACRB

and both reduce to the deterministic CRB for . From these
considerations, we can conclude that the SBCRB is less than or
equal to the ACRB.

C. Bayesian Cramér–Rao Bound

In [8, p. 72], a bound similar to the CRB is developed when
the parameter is random. In a Bayesian philosophy, the principle
of an optimal estimator exploits both the received information
and the a priori information. The BCRB and the corresponding
maximum a posteriori estimator lie in the Bayesian method
when we know the a priori knowledge of the model parameter.
The disadvantage of the Bayesian idea is, for example, that the
a priori information may be incorrect or we need to estimate
it, which results in more complexity. Let the function be
the PDF of the unknown model parameter . When there is no
knowledge of and , the PDFs of and are uniform and then
the a priori knowledge of the desired parameter reduces to the
PDF of . In general, if the a priori knowledge is avail-
able, the total information matrix is calculated from (see, e.g.,
[8, p. 84], [19, p. 930])

(47)

(42)
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where the received information matrix
and the a priori information matrix are
given by

(48a)

(48b)

The total FIM of the BCRB means that not only the additional
information due to the a priori knowledge is appended to the
conventional FIM, but also the usual FIM is averaged over the
random parameter (otherwise the conventional FIM remains
random), which is similar to the modified FIM. The Bayesian
CRB is the bound that does not depend on any specific trial
[19, p. 930]. Therefore, the expectation should be also taken
over the realization of the model parameter , or more precisely
. An explicit statement of the additional expectation can be

found in e.g., [20, eq. (10)]. In the literature, this additional
information is called the Fisher information number [21]. In
this model, we assume that the shadow fading is random. The
a priori PDF is therefore given by . The a priori
information matrix can be written as

(49)

where is given by

(50)

with

(51a)

(51b)

(51c)

and

(52a)

(52b)

for a dummy variable . Taking the block inverse of (47) [see,
e.g., from (80) to (83)], the BCRB is thus given by

(53)

(54)

The BCRB shown above is optimal, because all the knowl-
edge of the model is adopted. Unfortunately, its expression is
unattractive, since it involves a lot of complicate integrations.

Compared with the in (45), the in (54) contains an addi-
tional term due to the a priori knowledge of the shadowing PDF.
However, if the bandwidth of the transmitted signal is large, the
effects of and to the relevant bounds are slight.

Remark 1: Let , , and be the ACRB,
SBCRB, and BCRB of the estimate of the mobile position in
both axes:

(55)
Since , we have

(56)

Using the condition , we obtain

(57)

We can verify that the BCRB is upper bounded by the SBCRB
and the bound equality holds for a high SNR.

Remark 2: The equality also holds when is known. This
is because the matrix becomes zero and thus the BCRB
is equal to the SBCRB. The result is reasonable, because the
information of is useless if is known. However, if is
unknown, we have

(58)

The information of is still useful even for a high SNR,
since . For and

, the asymptotic large SNR makes the BCRB trivial,
since
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Fig. 1. Cellular system with cell radius �.

V. NUMERICAL EXAMPLES

Consider a certain configuration of a cellular system. In seven
hexagonal cells, there is a MS locating in the central cell, i.e.,

. The BSs are located at the center of each cell
according to Fig. 1 with the position matrix

(59)

where is the cell radius. The associated angles of the BSs be-
come

(60)

We assume that the first BSs receive the NLoS signals. Then,
the distances between the LoS BSs and the MS are given by

. The system is as-
sumed to operate under the central frequency of 1.9 GHz [13]
and effective bandwidth MHz [22]. In this
scenario, the cell radius ( ) is 2000 m and the close-in dis-
tance ( ) is 100 m. For the NLoS, the additional path distance
is assumed to be 10 m as the default value, whereas the
length of up to several kilometers has no significant impact, ex-
cept for a low bandwidth. We determine the path exponent from

, where , , and are given from [13]
with the antenna height 45 m.

In what follows, we consider three terrain categories [13]:
A (hilly/moderate-to-heavy tree density with and

), B (hilly light tree density or flat/moderate-to-heavy
tree density with and ) and C (flat/light
tree density with and ). In Fig. 2, the error
variance of the deterministic CRB in (23) and in (28)
are shown as functions of the additional NLoS path length for

, and 18.138 kHz and 18.138 MHz. In this

situation, the transmitted SNR and the shadow fading are as-
sumed to be 100 dB and 40 dB. We consider the
environment A, which provides the same trend as that given by
the environments B and C. It can be seen that when the signal
bandwidth is in the order of kHz, the CRB slightly changes
with for km and km. For a small
interval of km, the CRB changes dramatically.
It can be explained as follows. In (23), the CRB for the case
of the deterministic but unknown channel fading depends on
the NLoS. This is because in the calculation of in (27), the
second term of relies on the NLoS mobile positions in . For
the effective bandwidth of the signal on the order of kilohertz,

the second term in
(28) is dominant and can be zero. When is close to zero for

in the upper left plot in Fig. 2, there exists a
turning point in the CRB. When approaches zero from minus
side, i.e., , tends to be negatively infinite,

i.e., . The

bound in this region drops to zero, since . On

the other hand, when gradually goes beyond zero to the pos-
itive side for , i.e., , has

the elements of positive and large values, i.e.,

. This leads to that the CRB
changes dramatically in the positive side of . For a positive ,
the lower the value of , the larger the value of the elements
in , and hence the lower the CRB . The turning point can
be observed in Fig. 2 for the case of 18.138 kHz from

2.5 km to 2.25 km. It comes from the zero value of
the Schur complement in (81), which means that the estimation
of the shadowing and the subsequent parameters, such as the
excess path length and the mobile position , is infeasible.
Therefore, in this model, there exist some values of and
such that we cannot estimate the mobile position. However, this
situation happens rarely in a modern wireless system, because
the signal typically possesses a large bandwidth. When the ef-
fective bandwidth of the signal is large, e.g., in the order of
MHz, the role of the NLoS in (28) can be neglected. The be-
havior of the almost constant CRB is illustrated in the right plots
of Fig. 2. When the signal bandwidth is in the order of MHz, the
CRB in the lower right plot of Fig. 2 decreases monotonously
with and finally converges to a constant as approaches the
infinity. In both signal bandwidths, the wireless NLoS geolo-
cation provides a fixed error performance for the large excess
NLoS path length. From the physical point of view, this asymp-
totic behavior comes from the fact that the system invokes only
the LoS signals, while the NLoS contribution disappears when

becomes very large.
In Fig. 3, the excess path length, the transmitted SNR and the

shadow fading are chosen as 3200 m, 100 dB and
40 dB, respectively. The BSs are assumed to be located on

a circle line each with an identical sector and the radial distance
between the BSs and the MS of 2000 m. In this NLoS
geolocation problem, it can be shown that the ML estimate of

can be calculated when . Therefore, we keep
. It can be seen that for and 18.138 kHz,
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Fig. 2. CRB in (23) and � in (28) as functions of the additional NLoS path
length �. The terrain A and � � � are considered. Left plots invoke �� �
18.138 kHz. Right plots adopt �� � 18.138 MHz.

is larger than zero. From to , the bound increases
greatly. However, for 18.138 MHz, the bound decreases
from to . As investigated the whole range of
the BS number, we can see that the bound increases with the
number of BSs, except for the case where the bound is
sensitive to the additional NLoS path length and the effective
bandwidth of the signal, due to few BSs receiving the LoS. It
can be inferred from Fig. 3 that the BS with the NLoS measure-
ment plays a role of increasing the uncertainty for the position
estimation instead of increasing the accuracy. Thus, adding the
NLoS measurement data to the observation set is detrimental,
instead of instrumental, to the localization problem. The phys-
ical meaning of this phenomenon is that the performance of the
mobile position estimation degrades with more uncertain obser-
vations. In Fig. 4, the cellular geometry is adopted and the de-
terministic CRB calculated by (23) is shown as a function of the
shadow fading . We can see that for a fixed number of the BSs
receiving the NLoS signals, the shadow fading affects the ac-
curacy of the mobile position estimate. The shadowing reduces
the CRB in the same manner as the SNR. Furthermore, when
the number of the NLoS BSs is increased from one to three, the
CRB of the mobile position estimate is increased accordingly.
This is because the more the number of the NLoS BSs, the more
the inaccurate received data.

In Fig. 5, the ACRB and the SBCRB are shown as a function
of . For , the ACRB considerably
increases and the SBCRB gradually decreases with . It can be
seen that the higher the , the higher the ACRB and the lower
the SBCRB. The reason that the SBCRB is lower than the ACRB
is based on the Jensen’s inequality of

. In Fig. 6, the positioning accuracy is computed
for 1) A ( , ), 2) B ( , ),
and 3) C ( , ). The asymptotic, modified
and Bayesian CRBs are calculated from (40), (44), and (53),
respectively. We can see that the SBCRB and the BCRB almost
coincide with each other, while the ACRB is higher than the
SBCRB and the BCRB. In the wireless geolocation, when the
shadowing effect is explored in the channel model, the trans-
mitter needs to transmit a very large SNR in order to obtain a

Fig. 3. CRB in (23) as a function of the number of BSs �.

Fig. 4. CRB in (23) as a function of the shadow fading �.

Fig. 5. ACRB in (40) and the SBCRB in (44) as a function of � . The corre-
sponding parameters are as follows: �� � ���

�
����	 MHz, �	
 � 100 dB,

� � �, � � �, 
 � 2000 m, � � 10 m, � � 1.9 GHz, and � � 100 m.

considerable accuracy. This high energy transmission therefore
makes the SBCRB and the BCRB almost coincided with each
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Fig. 6. Positioning accuracy as a function of ���. The corresponding param-
eters are as follows: �� � ���

�
�	�
� MHz, � � �, � � �, � � 2000 m,

� � 10 m, � � 1.9 GHz and 	 � 100 m.

other. Note that the BCRB involves with the numerical integra-
tions. In the above figure, the SBCRB, which is much compu-
tationally simpler, can well approximate the BCRB. Based on
this approximation, it can be inferred that if the a priori knowl-
edge of the shadow fading is available, the BCRB is equivalent
to the SBCRB in Fig. 5. Then, we can see that the performance
bound derived from the available a priori knowledge gradually
decreases with the increase of and . This performance im-
provement can be physically viewed from the use of the addi-
tional knowledge available in the system.

VI. CONCLUSION

The inherent accuracy limitation of the wireless geolocation
in the mixed LoS/NLoS environments without the NLoS miti-
gation is investigated in the presence of the shadowing. We de-
rive the CRB for the deterministic shadowing, the ACRB and
the SBCRB for the random shadowing, and the BCRB for the
random shadowing with the a priori knowledge of the shad-
owing PDF. It is shown that the CRB and its variants depend on
the additional length of the NLOS path. In deterministic case,
the numerical examples show that for the effective bandwidth in
the order of kHz, the CRB almost does not change with the addi-
tional length of the NLoS path except for a small interval of the
length, in which the CRB changes dramatically. For the effec-
tive bandwidth in the order of MHz, the CRB decreases monot-
onously with the additional length of the NLoS path and finally
converges to a constant as the additional length of the NLoS
path approaches the infinity. It is shown that the BS with the
NLoS measurement plays a role of increasing the uncertainty
for the position estimation instead of increasing the accuracy.
The shadowing parameter increases the positioning accuracy
in the same way as the SNR does. In the random shadowing
case, a multiplicative model of two Gaussian random variables
is represented for the shadowing exponent. However, the BCRB
involves with the numerical integrations. The numerical exam-
ples illustrate that the SBCRB, which is much computationally

simpler, can well approximate the BCRB. It is also indicated
that when the mean and the standard deviation are larger,
the accuracy of the mobile position estimation considerably de-
creases in the case of no a priori knowledge of the shadow
fading and gradually increases when the a priori knowledge
is available. For future works, the performance bounds shown
above can be further analyzed in the multipath environment,
e.g., in [23].

APPENDIX

DERIVATION OF DETERMINISTIC CRB

For a short notation, let us introduce as

(61)

Using the chain rule, the FIM can be written as

(62)

where and are
defined by

(63a)

(63b)

Let us first consider

(64)

where and are defined by

(65a)

(65b)

Consider

(66)

where , , and are

(67a)

(67b)

(67c)

Consider

(68)
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where is given by

(69)

The derivative is given by

(70)

According to (70), we have

(71)

Let us introduce . Since the signal exists from
to , the upper limit of the integration, , can be
replaced with . In more details, the Fisher information in
(67) can be written as (72), shown at the bottom of the page.
Similarly, we have

(73)

and

(74)

(72)
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(79)

For the NLoS and the LoS portions, the diagonal matrix
can be partitioned as

(75)

where and are given by

(76a)

(76b)

with , , and
given by

(77a)

(77b)

Let us partition into

(78)

Substituting (64) and (66) into (62), we obtain (79), shown at
the top of the page. Using the inverse of a partitioned matrix
(see, e.g., [24, p. 123]), the CRB of the mobile position can
be calculated from

(80)

Introduce the Schur complement as

(81)

Proceeding on the calculation of , it follows that

(82)

and then

(83)

Since and , we
have

(84a)

(84b)

(84c)

(84d)

(84e)

where can be written as

(85)

Substituting (84) into (81), it further yields

(86)

Consider

(87)

Substituting (87) into (83), we obtain (23).
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