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Abstract—Spatial frequency approximation (SFA) of spatial
fading correlation (SFC) is addressed for the case that the exact
infinite summation of Bessel functions is inconvenient or infea-
sible. The angular spread is derived for semicircular scattering,
especially characterized by uniform, Gaussian, Laplacian, and
von Mises distributions. The semicircular scattering on the range
(— %ﬂ', %n] happens, e.g., when the antenna is placed on the wall.
In the usual SFA of the SFC, a characteristic function is involved
with the infinite integration range due to a small angular spread
and a near broadside nominal angle. In this paper, we propose a
new SFA of the SFC with a finite integration range. Considering
the Laplacian angular distribution, numerical examples illustrate
that for a moderate angular spread, the new SFA yields higher
accuracy in computing the SFC than the conventional SFA. For
the von Mises distribution, the new SFA is able to approximate
the SFC, while the ordinary SFA provides discrete solutions,
which are unreliable to the SFC approximation.

Index Terms—Ilocal scattering, angular distribution, character-
istic function.

I. INTRODUCTION

One of the most significant effects in wireless propagation
is the local scattering around the transmitter or the receiver. In
modern wireless communication systems, e.g., ultrawideband
technology, a signal is transmitted with a large bandwidth that
renders fine time resolution. The local scattering thus causes
a large number of observable multipath components. As a
consequence, the summation of several paths leads to a con-
tinuum or diffuse of the rays [1,2]. In general, the correlation
of the impulse responses between the n-th and another 7-th
antenna elements, denoted by spatial fading correlation (SFC),
can be regarded as a link quality. The SFC plays an important
role in the wireless communications, because the performance
metrics, such as bit error probability [3]-[5], channel capacity
[6]-[8] and etc., depend on it. Therefore, the study of the
SFC brings the realistic performance analysis up. In literature,
several works are devoted to the investigation of the SFC at an
antenna array (see, e.g., [1,2,9]-[15]). In [16,17], the SFC of
a circular array is derived from uniform, cosine, and Gaussian
angular distributions. The direct computation of the SFC often
requires extensive integrations, which are difficult or infeasible
for an angular distribution whose probability density function
(pdf) is complicated. Based on the Taylor-series approximation
from a small angular spread, spatial frequency approximation
(SFA) is considered as an approach to approximate the SFC
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(see, e.g., [18] and [19, eq. (2.8)]). It is indicated in [19]
that the SFA is accurate, when nominal angle, or mean angle,
is near broadside, i.e., close to the perpendicular axis of the
antenna array.

In this paper, we provide the exact and approximate ex-
pressions of the angular spread in semicircular scattering
(—%w, %w] After transforming the characteristic function of
the SFA represented in spatial frequency domain into that
represented in spatial angle domain, we truncate the integration
range of the characteristic function to cover only the semicir-
cular scattering whereby a new SFA is proposed.

A number of notations are invoked as follows. E4 {-}
is the expectation with respect to ¢ whose pdf is py(¢).
Jo(z) and Ji(z) are the zeroth order and the k-th order
Bessel functions of the first kind, respectively. Io(x) and
Ij.(x) are the zeroth order and the k-th order modified Bessel
function of the first kind, respectively. The cumulative density
function of the starlltdard g}qzussian random variable is defined
as P(u) = \/% S, e 2" dv. The error function erf(z) is
defined as erf(z) = ﬁQfoZ e “du. §(-) is the impulse
symbol defined as 6(z) = 0; = # 0, and ffooo 0(x)dx = 1.

The rest of this paper is organized as follows. In Sec. II,
the SFC caused by the local scattering is discussed. For the
semicircular scattering, we consider in Sec. III several angular
distributions, angular spread, SFA, characteristic function, and
truncated characteristic function of the angular distributions.
In Sec. IV, numerical simulation is performed to illustrate
the characteristic of the SFA with the finite integration range.
Finally, the results of this paper are summarized in Sec. V.

II. SPATIAL FADING CORRELATION

In a dense object scenario, the local scattering can exist
in the vicinity of the transmitter and the receiver [20]. For a
uniform linear array, the time delay at the n-th antenna element
is given by

¥n = Ld(n — 1)sin(e), (1)

C

where c is the speed of electromagnetic wave, d is the distance
between adjacent antenna elements, and ¢ is the direction of
emitting or incoming ray measured from the perpendicular
axis of the array. The received signal is composed of a large
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number of propagating waves along various directions, which
can be characterized by an angular distribution. The correlation
between the phase of the received signals at the n-th antenna
element and that at the 72-th antenna element can be written
as [21]

P = E¢ {e(‘]QTrfgd(n ) sm(rj))} , (2)
where fj is the central frequency.

III. SEMICIRCULAR SCATTERING

In the semicircular scattering, the azimuth angle lies on ¢ €
(—éw, 57]. This scenario happens, e.g., when the antenna is
placed on the wall. In order to evaluate the SFC in (2), we

; Py (P)e d¢, where
2
pe (@) is the spatial pdf of a certain angular distribution.

need to consider f? ci2m fod(n, —di) sin(¢)

A. Angular Distributions

In previous works, some angular distributions have been
considered by exploring the geometry [22] or by directly
inferring from several statistical distributions, e.g., cosine dis-
tribution [1,23], uniform distribution [9], Gaussian distribution
[2,18], Laplacian distribution [24,25], von Mises distribution
[26], and etc. To investigate the SFC from an angular profile
point of view, let us split the azimuth angle ¢ into

¢ = ¢+, 3)

where ¢ is the nominal angle and g is its deviation. As ¢ is
a random variable, the deviation angle ¢, remains a random
variable. For the cosine, uniform, Gaussian, Laplacian, and
von Mises distributions, the pdf can be written respectively as

dp€(—2m— o, im— ¢,
%Cc COSn(5¢)7 ¢ ( 27r ¢ .27(- Qﬂ
ne{2,4,6,...};
2\/1§&¢’ 6¢€(_\/§6¢?\/§5’¢}§
1 7ﬁ52 1 71 Y
p5¢<5¢7) = mcGe e, 541)6(75’”—7(;37 57(_7(725}’
1 -5 V28] 1 71 .
Vae, e Y ¢» 5¢€(*?7T*¢ja fW* fJfL
: dp€(—5m— &, 57 — ¢
1 K cos(8 @ y )
o™ e
4)

where &, is the standard deviation of the underlying standard
distribution, and the normalization constants c., cg, cp,, and
cyM are given by

Cc = 7 2”71, (52)
(1)
¢ : (5b)
G = - — )
® (5 m=9) -2 (-5 (47 +9))
L= R - ! ) (5¢)
1—e V2% cosh (é \/QQE)
1
CyM = —.
3~ T 2 E 77 (= 1)*Igp—1 (k) cos ((2k — 1))
(5d)

B. Angular Spread

An important parameter in describing a scattering channel
is a statistical value of the deviation of the arrival or departure
angles from their nominal angles. From a statistical viewpoint,
the angular deviation can be described by its standard devia-
tion, which is denoted herein by the angular spread and can
be defined as

05 = \/Es {(6— 9} = /s, (523, ©)

In [27], the angular spread is estimated using the measurement
results at 5.2 GHz and found to be 2 to 9 degrees for the
departure and 2 to 7 degrees for the arrival. For the cosine
distribution, we have from [28, p. 128]

a2 e (-1 ()

(n sp20sin ((n — 2k)9)

+ (G2 = (3 + 37%) ) cos ((n — 20)9))
™)

Regarding the uniform distribution, we have o4 = 0¢ For the
Gaussian dlstrlbutlon the integration by parts [ z2e —a’ qp =

—ime_’”‘ + &/ Zerf(/ax) (see, e.g., [29, p. 108]) results
in

04):

.~ (im+o
oy = |63 1 calg (%W—l—(gﬁ)e 2035(2 )
¢ Jo_ 1 (1._5)?
=\ e gy T
%5'45.

®)

By considering the Laplacian distribution, we have from [29,
p- 106]

a5+ e_#%ﬂ ((77¢ +V264¢) sinh (

oy =+/cL fﬁj)
(e

m)

7T0'¢ + 0¢) cosh (

%5'¢.

C))

For the von Mises distribution, the angular spread can be
computed from (see, e.g., [28, p. 333] and [29, Sec. 2.633])

2 < ilﬁ(_

(d; n(2k2¢) % cos (2ks ))

T 3 ( )klIle 1( )
i1’

s ((

(o —

s 2psin ((2k:1 - 1)¢))>

1)k212k2 (’%)

1.2 172 1
2T 507+ 4y

0¢ = v/ CyM
(2ky — 1)9)

(10)
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In what follows, we shall neglect the cosine distribution,
since no report ascertains that it conforms with the measure-
ment results.

C. Spatial Frequency Approximation

Using the expansions of trigonometry functions (see, e.g.,
[30, Sec. 9.1.42-43] and [31, p. 22]), the SFC in (2) can be
expressed as (see, e.g., [19, eq. (2.5)])

P = Jo (iQWfod(” - ﬁ))
= 1
+2k§::1<]2k <C27rf0d(n—ﬁ)> Ck (11)

) 1 ,
+ jJok—1 (CQWfod(n - n)) Sk,

where ¢, and s are the real and complex sinusoidal coeffi-
cients given by

o = / po(6) cos(2ke)de,

—T

o= [ po(@)sin((2k - )0

—T

(12a)

(12b)

To evaluate the SFC in (11), the calculation incurs the inte-
grations in (12) and the infinite number of summation terms
in (11). Next we consider the SFA, an approximation of the
SEC based on the first-order Taylor series expansion.

Lemma 1: (Approximate SFC for Small Angular Spread
and Near Broadside Nominal Angle) For a small value of the
angular spread or 04 — 0 and a near broadside nominal angle
or |¢| < 4, the SFC between the n-th and the 7i-th antenna
elements can be approximated as

P = 0 L, (n—)oy) D2, (13)
where @, d,, and o, are given by
0= %27rf0d sin(¢), (14a)
5y = %2% fod cos(¢)dy, (14b)
Op = ézw fodcos(¢)ay, (14c)

and @1 5 (-) is the characteristic function of the pdf

p1 s (v|0;1) with zero mean and unit variance of the nor-

L 5., given by

[og

malized random variable

1 [ .
o (u)= 7/ pa s (v[0;1) e do.
w 0o Tw

9%

(15)
Proof: The derivation of (13) is given in Appendix A. H
Since ¢, dg, ¢, and 04 are the fundamental quantities from
physical angle aspect, the transformed variables w, d,,, @, and
o, in (14) constitute spatial frequency domain. As adopting
the first-order Taylor series approximation in (24) and the
infinite range approximation in (30), the SFC from (13) is
called the approximate SFC based on the SFA.
Remark 1: Some notices are summarized as follows.

e The result of (13) is the similar to those in [18] and
[19, eq. (2.8)], but different from such works in that the
works in [18] and [19, eq. (2.8)] directly approximate
(26) as ps,, (0.|0;02) = ps,(94|0;03). In our derivation,
the change of variable was invoked.

o The SFA in Lemma 1 provides a simple form for further
performance analysis. The application of the SFA can be
found in e.g. [32].

e« However, it is shown in [19, Sec. 2.3] that the error
of the SFA increases with the increase in the nominal
angle ¢ and the angular spread o,. The cause of the
approximation error is that the absolute value of the
nominal angle |¢| should be much less than 7 so that
the approximation of the integration limits in (30) holds
quite well.

D. Characteristic Function

We transform the characteristic function in (13) into

ot s, (Guln—))
1 oo

9¢ J-—oco

/ Ds, (60; Gé)e%j%fod(n*ﬁ) COS(<5)5¢d5¢

pas (v0;1) en=iowy gy

(16)

h o i(n—n)2m cos(p)o
:/ p5¢(5¢\0;0i)e“%“ )27 fod cos(¢) ¢5¢d5¢

00 I ,
=/ P, (65]0; 02)e7e 7" 5,
The characteristic function in (13) will be evaluated for each
distribution according to (16) for d4 on the ideal range
(=00, 00).

1) Uniform Distribution: Since ¢4 for the uniform distri-
bution is on the finite range (—v/354,v/35,], the integration
equivalent to (16) remains

V35
1 @ ijuéd)
s, (u)= 7v/ e’e” "ddg
cw 2\/§0’¢ —V354 (17)
5
= sin \/gu)
V3u
2) Gaussian Distribution: From [33, p. 65], we have
1 © (21567 —Ljus
gpiéu(u): - CG/ e <2U§>¢ ¢] ¢>d5¢
Tw V 27TO'¢ — 00 (18)
252
= cge e
3) Laplacian Distribution: One can show that
1 7 AVt jud,
as (u) = c e %¢ 7¢ dé
eoa = | :
1 (19)
== #701;.
TR
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4) Von Mises Distribution: It can be shown that

1 & ) L jus
- - K cos(dg) a(ﬁJ d>d5
YL, (u) 27‘(‘]0(,‘{)CVM /_Oce e @

— e <a¢6 (u) + ﬁ

gzm) (5 <k+ O}(pu) +6 (k;— (;u>)> .

E. Truncated Characteristic Function

(20)

Other than the ordinary characteristic function in (16), we
shall restrict the integration limits of 04 in (16) to be finite on
the semicircular range (—*Tl' o, 4 5T — ).

1) Gaussian Distribution: When d4 is on the semicircular
range (— 17—, 7 —¢)], the integration in (16) can be derived
from (see, e.g., [28, p. 109] and [29, p. 108])

1 524 1
257 %17

2L

Note that if the lower limit —47 — ¢ in (21) is replaced
by the negative infinity, we have lim,_._, erf(xz) = —1. If
the upper limit %w — ¢ in (21) is replaced by the positive
infinity, we have lim,_,, erf(xz) = 1. Therefore, it results in
lim, .o & (erf(z) — erf(—2z)) = 1 from which ¢ 15, (u)in
(21) is equal to s, (u) in (18). N

2) Laplacian Dzstrzbutzon When d4 is on the semicircular
range (—77r (;5, L7 — ], the integration in (16) can be shown
in (22).

3) Von Mises Distribution: For the semicircular interval

(—77r — ¢, 1 5T — @), the finite integration range reads as
L
1 2 (8) 7 Juds
¢, (U) = 5—=—=¢ M/ e o (%0)e a0 45,
o 2mlo(k) i

1 = 1
o (Q%M) ,CZ T2 — (2k - 1)2 (1) o ()
¢
<(2k —1)cos((2k — 1)¢) + —Jusm((zk - 1)&))) .
)
(23)
IV. NUMERICAL EXAMPLES

We mainly consider the angular distributions, which are
sound to the measurement results, such as the Laplacian
distribution [24,25] and the von Mises distribution [26].

100 - -

- N Simulation

iy N — — — — SFA: Infinite

s N — — — SFA: Finite

g ™~
= > ~

~
©107" 10,0479}~ ~.
1)) O N ~. -
g 0.0478 NN ~
2 S~ S
& 0.0477 N S~
& 0.0476 RN S
g 0.0475 S
[77) ~
10-2 , 1512 1514 15.16 ‘ ‘ ‘ ‘ ‘
0 2 4 6 8 10 12 14 16 18 20
Angular Spread o4 [degree]
Fig. 1. The spatial fading correlation p, ,—1 as a function of the angula.r

spread a¢ for the Laplacian distribution with ¢ = 40°, Ny = 106,
fo = (106 + 3.1) GHz, and d = 0.2 m. “Simulation” is calcu—

Ne 4. o
lated from ‘N Z ZJQ”f0d51“(¢+6¢m>|. “SFA: Infinite” is computed

from ‘ eJ“’| “SFA: Finite” is given by |‘pi6w (aw)ej‘:’| with

% 0'54»1

o

b1, (0w) derived from (22).

Tw

In Fig. 1, the SFC p,, 5 for the Laplacian angular distribution
is shown as a function of the angular spread o4. From the
main figure, it can be seen that i) the SFC of the Laplacian
angular distribution with ¢ = 40° monotonically decreases
with the increase in the angular spread, and ii) the difference
of “Simulation” from both “SFA: Infinite” and “SFA: Finite” is
noticeable for o4 > 13°. In the corresponding zoomed figure,
there exists a difference between the “SFA: Infinite” and the
“SFA: Finite” where we can see that the proposed “SFA: Fi-
nite” is closer to the “Simulation” than the conventional “SFA:
Infinite”. The difference of the approximations results from the
integration in that unlike the infinite range of the integration in
(16), the new characteristic function ¢ 1 5 (ov,) was truncated

on the semicircular range, i.e., §; € (—771' ¢, 3™ — @|.

In Fig. 2, the SFC for the von Mises distribution is shown
as a function of the central frequency f; for several distances
of antenna element separation d. We can see that the SFC
decreases in large scale with the increase in the central fre-
quency and decreases with the increase in the antenna element
separation distance. The usual SFA with the infinite integration
range does not appear in the figure, since the solution in (20)
has discrete values of its argument. Rather, the new SFA with
the finite integration range can approximate the SFC, when
the SFC is approximately larger than 0.1. In addition, the
numerical integration of the first equality in (23) is shown to
correspond to the closed form at the second equality in (23).

V. CONCLUSION

The angular spread is derived for the semicircular scattering
on the range ¢ € (—35, éw] and especially with the uniform,
Gaussian, Laplacian, and von Mises distributions. This sce-
nario happens, e.g., when the antenna is placed on the wall.
The SFA of the SFC is considered when the exact infinite
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—*\f\5¢|+

jud
707 s,

1 -7 1 1
= _—— ¢ [2—e Y¥¢ [ — ——usin 20+ )
ﬁu2+2 L( ( 2v/2 (2‘7¢( ¢ Ju

v L ( 1 ) V26
%o + ——usin 20— e%e
57 (5726~

_ Y7 _ BV, F 1 ( 1, - ) —L V326
+cos| —2p+mu)e °¢ +cos| — (20 —m)u ) e’ +jl——=ucos| — 20+ mu)e °¢
(526 + ) (526 -0) i(-5uguees (5o a+m)

1 1 L V26 - —Avee . (1 L35
+—=ucos ((2q’) - w)u) e’ va$ _ sin ((2¢ + w)u) e ¢ vag _ sin ((2(;5 — W)u) e’ fd)))) .
22 204 o 204
(22)
100 d=1m d=0.1m and [25])
€ 1 - -
510_1 w= EQﬂ'fod (sin() cos(dy) + cos(d) sin(dy))
- L
]
kel 1 o _
k| ~ =27 fod (sin(¢) + 64 cos(¢)) 24)
=) 6p—0 C
S10-2} —04+94
E B
S : - .
= Simulation From (14b), we can write
1073 —— SFA: Infinite
= SFA: Finite 2 —\2
o, =E w—w
s SFA: Numerical Finite| “ o {( ) }
1074 ‘ 1 -\
10° 108 1010 1012 = Es, —2m foddy cos(d)
Central Frequency fo [Hz] c (25)
1 N2
Fig. 2. The spatial fading correlation pn n—1 as a function of the = (27rf0d COS((b)) Ui.
central frequency fo for the von Mises distribution with ¢ = 20°, ¢
Ny = 106, H = 1, and N = 100. “Simulation” is calcu-
Using the result of (25), the change of random variable
lated by |N Z e’ﬂﬁfodsmw"'%m)‘ “SFA: Infinite” is computed by g 25) &

“SFA: Finite” is

“SFA:
Numerical Finife” is the numerical mtegratlon of the first equality in (23).

‘4,0 L, (ow) eJ ‘ with ¢ 1 15, (ow) derived from (20).
glven by [¢ 1 5 (0w)el | with @ 1 L5, (ow) derived from (23).

summation of Bessel functions in (11) is inconvenient or
infeasible. The conventional SFA of the SFC with the infinite
integration range is derived. We also have proposed its coun-
terpart as the SFA of the SFC with the finite integration range.
Numerical examples illustrate that for the moderate angular
spread in the Laplacian distribution, the new SFA can provide
higher accuracy in computing the SFC than the usual SFA.
For the von Mises distribution, the conventional SFA causes
the discrete values of the SFC, which cannot approximate the
actual SFC, whereas the new SFA can approximate the SFC.
The results in this work can be applied to various communities,
e.g., channel modeling, channel measurement, estimation of
spatial channel parameters, bit error performance analysis, and
transmission rate analysis.

APPENDIX A
PROOF OF LEMMA 1

For a small value of the angular spread oy, a spatial
frequency is approximated as (see, e.g., [18], [19, Sec. 2.2.2],

provides

d
i 0.10:02) = s, Gol0s) | 550

— ps, (65,10: 02) M‘ (26)
= %p% (0405 03),
and
Pis, (le%lo; 1) = ps., (010 03) d(f&w)ciu o
= oups,, (0,]0;02).
For a small angular spread, we can approximate
in
pui= | - pp(g)etimiod i@l
2 379 .. (28

I~ e%j2ﬂf0d(7l—’fb)sin(q§)/

04|05
5g—0 qutsqs( ¢>| 70¢)

1
— 5T

o ci2mfod(n—1)dy 005(5)d5¢_
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It can be further shown that

Pn,n = Uié’(n—ﬁ)@/
¢ Lorfod(—4

Lor fod(§m—) cos(¢)
5u(6w|0§0'3;)
—) cos(@)
ej(nfﬁ)éwd(sw
——27nfod(3m—¢ cos(p)
:Lwej(nww/ senhodlin=d)
O¢ (7 %71’7(23) COS(J))
=) (55 6‘“)0“0 d (1(5w)
Ow

1

L (37-9) 1
eJ(n n)w : P ((5w0;1>
Ow

Kz —35(3m+a)

=i (7500 )ow g —5 .
0w

ps., (6w ‘07 O—E;)

(29)

If ¢ is not close to —f7r and 1 57, We can approximate

Pnn =~

[1]

[2]

[3]

[4]

[5]

[7]

[8]

[9]

i A (Llr_5
R
O¢ 0(1;3 - ( T—9)

1
1 7(50_, 0, 1
paéw (Jw | )
eJ(n n) —6 U“’d( >
eJ<" @ / < ! 8.|0; 1)

(£ 1
eJ(n n) 50 -
Ow
= g1y, (o — )
(30)
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Introduction

» Local scattering causes multipath propagation.

» There exists a correlation between two antenna elements,
namely spatial fading correlation (SFC).
» The SFC plays an important role in wireless communications,
such as
» probability of bit error rate,

» channel capacity,
» and etc.
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Problem

» The direct computation of the SFC requires extensive
integrals.

» The SFC can be approximated by truncating the first-order
Taylor series expansion

» around the spatial frequency angle
» for a small angular spread.

» The approximation is entitled spatial frequency approximation
(SFA).
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Research Gap

» In the traditional SFA (see, e.g., [Trump and Ottersten 1996]!
and [Bengtsson 1999]?), the characteristic function is involved
with the integration with infinite range.

» In this work, we truncate the integration range of the

characteristic function to a finite range on semicircular

scattering (—3, %n]

1[Trump and Ottersten 1996] T. Trump and B. Ottersten, “Estimation of nominal direction of arrival and
angular spread using an array of sensors,” Signal Process., no. 1-2, pp. 57-69, Apr. 1996.

[Bengtsson 1999] M. Bengtsson, “Antenna array signal processing for high rank data models, Ph.D.
dissertation, Royal Institute of Technology, Stockholm, Sweden, Dec. 1999.
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Time Delay across Antenna Elements

» For a uniform linear array, the time delay at the n-th antenna
element is given by

b = ~d(n —1)sin(¢), (1)

Cc

where

» cis the speed of electromagnetic wave,

» d is the distance between two adjacent antenna elements,

» ¢ is the direction of arrival or emitting ray measured from the
perpendicular axis of the array.
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Spatial Fading Correlation

» The correlation between the complex envelope of the signal
from the n-th antenna element and another n-th antenna
element is given by

P = By {e—%j%fod(n—ﬁ) sin(¢)} ‘ (2)

» For the semicircular scattering (—577, 27r] the SFC can be
calculated from

ix
P = /2 p¢(¢) J27rf0d(n 71) sin(¢ d¢, (3)

eI
3

where py () is the probability density function (pdf) of the
angle of arrival or departure.
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Angular Distributions

» For the cosine, uniform, Gaussian, Laplacian, and von Mises
distributions, the pdf can be written respectively as

/

5} 1l _ a1 _ 4
lcccos”(%), $E€(—3m— ¢, 5m — ¢,
§ ne{2,4,6,...};
Vi, . 06 € (= V354, V/35);

T 2527¢ - _

Ps,(00) = | Tmmzycee 0, Gpe(—gm— b, 3m—d;

1 _;%\/5|5¢| 1 1 .

25, Le ¢ , Op€(—5m — @, 5T — @;

Sp€(—im— ¢, im — 4

1 6 ¢ 2 ’ 92 )
TToty v 0, k> 0.
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Angular Spread

» An important parameter in describing a scattering channel is a
statistical value of the deviation of the arrival or departure
angles from their nominal angles.

» From a statistical viewpoint, the angular spread can be
described as

o5 = \[Es {(6— 9} = \[Es, {52}, (5)

» In [Czink et al. 2005]3, the angular spread is estimated using
the measurement results at 5.2 GHz and found to be 2 to 9
degrees for the departure and 2 to 7 degrees for the arrival.

3[Czink et al. 2005] N. Czink, E. Bonek, X. Yin, and B. Fleury, “Cluster angular spreads in a MIMO indoor
propagation environment,” in Proc. IEEE Int. Symp. Personal, Indoor, Mobile Radio Commun. 2005 (PIMRC
2005), vol. 1, Berlin, Germany, Sept. 2005, pp. 664-668.
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Laplacian Distribution: Angular Spread

» For the Laplacian distribution, we have from [Gradshteyn and
Ryzhik 2007, p. 106]*

24 Ve ((77<5+\/§5¢<;_5) sinh (£v23)

a4 = /L <1 24424 7ra¢+0¢> COSh(&L 26 ))

v

~ O¢-

(6)

4[Gradshteyn and Ryzhik 2007] I. S. Gradshteyn and |. M. Ryzhik, Table of Integrals, Series, and Products,
7th ed. San Diego, CA: Elsevier, 2007.
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Laplacian Distribution: Numerical Example (1/111)
20 é = 0°: Simulation s /q
é = 0°: Derivation o7
¢ = 0°: Approximation s
- ¢ = 20°: Simulation B
ib';’n 15 - ¢ = 20°: Derivation o L
< ¢ = 20°: Approximation 5~ -
- ¢ = 40°: Simulation }y/
© — ¢ = 40°: Derivation e
E 10 & = 40°: Approximation "
5 s
» e
kS -
= y-
5 51 o/n/
-
e
0 1 1 1 1 1 1 1 1 1 ]
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Standard Deviation G4 [degree]

Figure: The angular spread o4 as a function of the standard deviation
T With Prmax = 27 — V30 max = 90° — V/3 - 20° = 55.3590°.
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Laplacian Distribution: Numerical Example (11/111)

20[&7 o 7A_ _ f . A A A A A A A A
T 15¢
B0
[
S
<
S
-(% 10— — e - B - — @ - P e B o e B e O e B 2D
g 0s=0.1° Simulation
0 (7¢ = 0.1°: Derivation
5 o 0'¢ = 0.1°: Approximation
S gy =10 Simulation
c 5F — - 0(5 = 10°: Derivation
< o 4 = 10°: Approximation
(fo = 20°: Simulation
- - = = 20°: Derivation
IN (7'¢ = 20°: Appro><|mat|0n
0 - D =D Iy D- Ter! - 4> D
0 5 10 15 20 25 30 35 40 45 50

Nominal Angle ¢ [degree]

Figure: The angular spread o4 as a function of the nominal angle ¢ with
Ny =10 and 0, max = 7 (37 — dmax) = 75 (90° — 50°) = 23.0940°.
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Spatial Fading Correlation in Terms of Bessel Functions

» Using the expansions of the trigonometric functions, we can
derive

pn7ﬁ:<]0<1277f0dn_n>+2ZJ2I~:< 27 fod(n — )) Ck

+jJor—1 (i%fod(n - ﬁ)) Sk,
(7)

where ¢; and s are the sinusoidal coefficients given by

o = /_ " o) cos(2k0)do, (82)
se= [ po(@)sin((2k - Do)do, (8b)

2
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Spatial Frequency Approximation

> For a small angular spread o4 — 0 and a near broadside
nominal angle |¢| < %7[', the SFC can be approximated as

P %9 1, (0 =)o) 02, (9)

where @, 4, 0., and @ng(‘) are given by

cas=o [ o wlonenan (o)
0w = %27rf0dcos(<]3)5¢, (10b)
o = %% fod cos(@)os, (10¢)
0= %27rf0dsin(q_$). (10d)
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Characteristic Function

» We transform the characteristic function in (9) into

15 (own—n)) = / P, (v]0; 1) (n—Dowv gy

_ / ps, (6,10; 02)e7

JUW(n 7)

% 45,
(11)

» The characteristic function with the angular truncation is
given by

l\J\»—‘
Al

3

€

3
2

pas o =) = [* pa, (ol 2)es

2™
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Laplacian Distribution: Characteristic Function

» One can show that

P, (u)=

Tw

CL- (13)
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Laplacian Distribution: Truncated Characteristic Function

95%5“ (u)
1 -2 1 1 -
= — e [2—e V¥ (usin( 2¢+7ru>e_w
éu2+2 ( 2\/§ 20¢( )
%%
1 —w
(29 + m)u

(08 ) e (5
<2i¢(2¢> + 7T)u> e v

+ cos (2;7(2¢ - 7r)u> e +j (—2\1&14 cos
+ 212ucos <2(17¢ (2¢ — m)u ) e’ — sin <2i¢(2¢ + m)u ) v

\f
. <1(2¢ _ W)u) ew>)> Cw= 5—¢\/§¢3.
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Laplacian Distribution: Numerical Example (111/111)
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™~ Simulation
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Figure: The spatial fading correlation p;, ,—1 as a function of the angular
spread o for the Laplacian distribution with ¢ = 40°, Ny = 108,
fo = 3(10.6 +3.1) GHz, and d = 0.2 m.
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Von Mises Distribution: Characteristic Function

» It can be shown that

pig, (W) =co (%5 (u) + To()

gf’“(“) (5 <k—|—01¢u> 6 (k— ;z)u))) .
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Von Mises Distribution: Truncated Characteristic Function

» For the semicircular interval (—%77 — &, %77 — @], the finite
integration range reads as

cos <1u7r> PE— (—1)* T ()

o g — 2k =12

((2k: — 1) cos((2k — 1)¢) + iju sin((2k — 1)¢)>> .

o
(15)
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Von Mises Distribution: Numerical Example
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Figure: The spatial fading correlation p;, ,,—1 as a function of the central
frequency fy for the von Mises distribution with ¢ = 20°, N, = 10°,
x =1, and Ny = 100.
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Conclusion

» The angular spread is derived for the semicircular scattering
on the range (—%77, %71] for the uniform, Gaussian, Laplacian,
and von Mises distributions.

» We have proposed the counterpart of the usual SFA as the
SFA of the SFC with the finite integration range.

» For the moderate angular spread in the Laplacian distribution,
the new SFA can provide higher accuracy in computing the
SFC than the usual SFA.

» For the von Mises distribution, the conventional SFA causes
the discrete values of the SFC, which cannot approximate the
actual SFC, whereas the new SFA can approximate the SFC.
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